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Abstract 

We correct the proofs of the main theorems in our earlier paper “Limit theorems for Betti 
numbers of random simplicial complexes.” We are grateful to D. Yogeshwaran for pointing out 
the mistakes. 

1 The Erdos-Renyi random clique complex 

In the paper [2] , we claimed a central limit theorem for the Betti number of an Erdos-Renyi random 
simplicial complex (Theorem 2.4). The proof given there contains an error, however, with minor 
modifications and an additional recent result, the proof goes through essentially as before. For 
brevity, we refer to [5] for notation and descriptions of the models used. Formally, we have the 
following modification of Theorem 2.4 of [5]. 

Theorem 1.1. Consider the Erdos-Renyi clique complex Xin, p); that is, take a random 1-skeleton 
on n vertices, in which edges are present independently and with probability p, and let X(n,p) be the 
maximal complex over this 1-skeleton. Suppose that there is some <5 > 0 such that p = 
and p = Then 

/3fe(X(n,p))-E[/3px(n,p))] ^ 

V^Var[/3fe] 

Note that the range of p is slightly restricted relative to what was claimed earlier, when S was 
taken to be 0. 

The mistake in the proof given in [2] of this result was the claim that, given the Morse inequalities 

fk — fk-i-l — fk-l < Pk < fk, 

and central limit theorems for the recentered, renormalized upper and lower bounds, a central limit 
theorem for /3fc itself followed; this is not true, however, because the difference in means of the upper 
and lower bounds is too large relative to the normalization to allow such a conclusion. However, the 
proof of the central limit theorem for the lower bound is valid, and with minor modifications, one 
can use the same proof to obtain a central limit theorem for the quantity 

Pk ■= fk — fk-i-1 — fk-l + fk+2 + fk-2 — fk-i-3 ~ fk-3 + ’ ’ ’ ■ 

A consequence of the results in [I] is that for p in the given regime, a.a.s. all the Betti numbers 
except for Pk are zero. It then follows immediately from the Euler formula that Pk = Pk a.a.s. 
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A central limit theorem for j3k is then essentially immediate from a central limit theorem for fik '■ 


Pk - m 


Var(^fe) 


< t 


< P 


Pk - 0k 


Var(^fe) 


< t, I3k = Pk 


P[/3fc 7^ /3fc] < P 


0 - m 


Var(^fe) 


< t 




the corresponding lower bound follows the same way. Thus 


Pk — ^Pk 


< t 


Var(/3fe) 


-m 


< 


Var(;3fc) 


< t 


-m 


F[Pk ^ /3fc]. 


( 1 ) 


For k fixed, the second quantity tends to zero as n —>■ oo and if Pk satisfies a central limit theorem, 
then so does the first quantity, and we are done. 

To move to the actual statement of Theorem o one needs a slightly more refined version of 
the a.a.s. equality of P and Pk- In fact, the techniques in [T] give that for p in the given regime, 
Pk = Pk with probability 1 — o (n~^^ for any constant M > 0. On the other hand, since a simplicial 
complex on n vertices has Pk < fk < ik+i)’ cases we have that Pk — 0 = 0 (n^+^). It is 

shown below that Yai{Pk) ~ ^ These estimates together are enough to obtain Theorem 

o as follows. First note that the above estimates imply that 


\m-0k\ 


= o\n 




Yai[Pk) 


choosing M > 0^, we have that in the regime of p specified in the theorem, I ^0 1 q 


n ^ oo. Now, 


i/Var(/3fc) 


Var(/3fe) _ ^ Var(/3fc - 0) ^Cov{0, Pk - 0) 


Var(/3fe) 


Var(/3fe) 


Var(/3fc) 


By the Cauchy-Schwarz inequality, ^ 




Yaii^Pk 0) E|/3fc 0P ( 2—m 1—2f*“ 

-=-< -=- = o [n p '' 


Yar{Pk) 


Var(/3fe) 


which tends to zero if M > A: + 3. We thus have that 1 as n —oo. Finally, we get that 

Var(,afc) 

for any S, S', e > 0, for n large enough. 


Pk - m 
0Yai{Pk) 


< t 


= P 


< P 


Pk - EPk 


< 0 


lYai{Pk) , EPk-'^Pk 


Var(/3fe) 

Pk - 0Pk 


YaiiPk) 

< t{l + S) + 5' 



lYaT{Pk) 

< + 6) + S') + e. 

Letting S, S', e tend to zero, we have 

" Pk - m 


lim sup P 

n—)-oo 


0Yar{Pk) 


< t 


< Ht). 


Var(/3fe) / 
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The lower bound is proved the same way, and thus it suffices to prove a central limit theorem for 
/3fc. To do this, we follow essentially the same proof as the one given in E] for fk - fk-i - fk+i- In 
particular, the result is an application of the following result of Barbour, Karohski, and Rucihski. 


Theorem 1.2. Let {Xj : j = {ji, - ■ ■, jr) S J} 6e a dissociated set of random variables, such that 
EXj = 0 for all j. Let W := suppose that the Xj are normalized such that EW'^ = 1. 

Then 

di{W,Z) < K EE [E|XjXkXi| + E|XjXk|E|X,|], (2) 

jG J k.lGij 

where Z is a standard normal random variable and Lj is the dependency neighborhood o/j. 

Write 

/3fc= 

ACV 

where V is the collection of n vertices over which our complex is built and is the indicator that 
A spans a complete graph in the random complex X{n,p); that is, that all potential edges 


between vertices in A are present. Let cr^ := Var 


(a). 


and consider the random variable 


W := 


h - E'Pu 
Y^Var(/3fc) 


^ A<ZV 


that is, 

/.OAl+fc+l 

Xa:=^-^ -(eA-E?A). 

It is not hard to see that for any subsets A, B, C, 

E\XaXbXc\ + E\XaXb\E\Xc\ < 
and it thus suffices to estimate 

^E E 

ACV B,CeLA 

where for A C V, La is the collection of subsets of V sharing at least two vertices with A (so that 
they have at least one potential edge in common). Decomposing by the sizes of A,B,C and the 
sizes of their intersections, we have that 

^ E E 

ACV B,C^La 

’"a,b>2 

''"A\B,C^0 

rAnB,c>{‘^ — rA\B,c) + 

^B\A,C^0 


where the upper limits all depend only on fc, and the combinatorial coefficient C is given by 


c = 


n- (.A 

^B — rA,B 

f '^a.b 

\rAnB,C 


rA,B 


B — rA,B 
fB\A,C 


(■A — rA,B 
fA\B,C 


n — £a — ^B + rA,B 

£c — rA\B,C — 'l'B\A,C — ’’Ans.c 


< ■'■A.B—I'^XB.C —''’B\A,C—''’AnB.C 
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for a constant Ck depending only on k. If we fix 'f’A,B and ignore for the moment those factors 

that depend only on these parameters, we are left with sums over £< 7 , etc. of terms of size 




(3) 


Now, if Ic is increased by one and the new element of C is also in, say A\B, then the power of n 
in the expression above does not change, but the power of p does; the ratio of the new term to the 
old is 

p{%+^)-{^oy(^-A^B.C + ]^+rAnB.C>J^^A^B,c+’■AnB,c'^ ^ ,C -r AnB,c _ 

Similarly, if ic is increased by one and the new element of C is also in AO B, then the ratio of the 
new term to the old is 

p^C-rA\B,c-rB\A,c-rAnB,c 

Since in both cases the power on p is nonnegative, adding a new vertex to C which is already in A\JB 
can only make the summand smaller. On the other hand, if ^c is increased by 1, and the new vertex 
is not in A or B, then the ratio of the new term to the old is np^^. In the regime that we consider, 
this tends to infinity for (the old) ic < k and tends to zero for £c > fc + 1 ; that is, the largest 
possible order for the expression in ([3]) is achieved when ic = k + 1, when rA\B,c + i^AnB,c = 2 and 
rB\A,c = 0. Using these values in Q yields 


1 k-i 0 +M-i 
—n pi 2 1 


(4) 


Now suppose that only iA is fixed, and ignore the part of the summand depending only on its value. 
We thus must consider summands of the size 


LyB-rA.B+k-ip{y)-{yy+{y^)-i^ 


(5) 


As before, if is increased and so is then the expression can only get smaller. If Ib is 

increased by 1 while rA,B stays fixed, then the ratio of the new expression to the old is np^^, and so 
we once again see that the largest possible size of the expression in ([5|) is achieved when iB = k + 1 
and rA,B = 2 ; the quantity in ([5|) is thus bounded above by 


J _ yk -2 2 {'^ V )-2 


( 6 ) 


Finally, considering the full term, we have the upper bound of 

J_ ^A+2fc-2 (V)+2('“+')-2. 


(7) 


by the same argument one last time, this expression is maximized when = fc + 1 , yielding 


±„3fe-l 3(''+i)-2 


( 8 ) 


that is. Theorem [2] implies that 


di{W,Z) < 


where W = . 

Y'Var(/3fc) 

The computation of cr^ from [2] essentially goes through as before. It was shown there that 

Var(/fc) ^ Cfcn2y('=r)-i 
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(the numbered subclaim and equation (4) of [2] are inconsistent and in fact both wrong: unfortunate 
casualties of a change of index in the course of editing). From this it follows that for any j > 0, 


Var(/fc±j) 

Var(/fe) 

moreover, one can compute covariances as in [ 2 ], yielding for example the formula 


Cov{fk+j,fk+e) 



( n — k — j — 1 
k + £ + 1 — r 



for 0 < j < k (and similarly in other cases). Again one confirms that the order of this expression is 
smaller than the order of the variance of fk, so that we finally have that 


, 2fc„2 


(''t^)-i 


The sums over indices only contribute constants depending on fc, so that we have that the error 
in the abstract normal approximation theorem above is bounded above by 

„3fe-y('=+i)-2 
2 > 2 

for a constant Ck depending only on k. 


riy/p' 


2 The Cech complex 

In [2] we claimed three different limit theorems for the fcth Betti number of a random Cech complex: 
depending on the sub-regime of the sparse regime, the fcth Betti number either vanished a.a.s., had 
an approximate Poisson distribution, or satisfied a central limit theorem. The approach taken in 
works in most of the sparse regime, namely as long as 0, but to deal with the regime 

in which r„ = for some <5 > 0 , but is bounded away from zero, a slightly 

different argument is needed, for the same reason as in the previous section. 

We begin by noting that one can write Pk semi-explicitly as follows. Let Sk denote the number 
of empty k-|-1-dimensional simplex components of the Cech complex C(Ai,...,X„) spanned by 
Xi,..., Xn- Note that every such connected component has exactly k + 2 vertices. 

For every pair of integers i > k+2 and j > 0, let Xi j denote the number of connected components 
C of C(Ai,... ,Xn) on i vertices such that Pk{C) = j. In other words Xij counts the components 
on i vertices which contribute exactly j to Pk- 

Then 

Pk = Sk + 

i>k+2,j>0 

A central limit theorem for Pk is a indeed a consequence of a central limit theorem for Sk as 
claimed in [ 2 ], by a slightly more careful analysis. 

Set m = [1 -I- l/(5d)J, and define the truncated sum 

m 

Pk = Sk + E E 

i=fc+3 j>0 

By a modification of the argument in [2], one obtains the following. 
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Theorem 2 . 1 . With notation as above, for Vn = o(n and lim„_).oo —>■ oo, 


= (/3fe 


- E 


Pk 


0 


/ifc+ 2,1 

(fc + 2)! 


^Jn{nrf^Y+^ 

where fj,k+ 2 ,i is a constant depending only on / and k. 

From here, a central limit theorem for /?fc itself follows: 

Theorem 2.2. With notation as above, for rn = o and lim„_).oo — >■ oo, 

k‘k+2,1 




(fc + 2)! 

where pk+ 2,1 is the same constant as in Theorem, \2.l\ 

Compare with Theorem 3.2 (iii) of [5]: the range of is slightly more restricted (there, <5 was 
taken to be 0); the theorem here is also stated in terms of a specific numerical normalization, rather 
than abstractly in terms of the variance of /?fc as in 


Proof of Theorem \2.2\ from Theorem \2.1\ Observe that 

P 


1 

1 

s- 

< P 

Pk - m /,, 

+ P 

Pk -Pk- E[/3fc - Pk] 






\/n(nr(()^+i 

-1 

\ 


< P 


Pk - m 


\/n{nrff) 


k+l 


<t + e 


2E\Pk-~Pk\ 


Claim: 0. 


^n{nr‘fY+^ 

From the claim it follows that, given e > 0, there is an n large enough so that 


Pk - m ^ 

< P 

Pk - m ^ 





+ e. 


Using the central limit theorem already established for Pk and then letting e —>• 0 shows that 


limsup P 

n—¥oo 


Pk -m ^, 


< P 


Tk+ 2,1 

(fc + 2)! 


Z < t 


where Z is a standard Gaussian random variable. The corresponding lower bound follows in the 
same way, so that given the claim, the proof of Theorem 12.21 is complete. 

To prove the claim, observe that 


S n 

\Pk-Pk\= E E E^fo’ (9) 

j>0 i=S+l i>0 

where5= [^ + 1 ].^ 

Since there are T ^ spanning trees on a set of i vertices, and since a connected component of 
order i can contribute at most to Pk, we have that for fixed i > m + 1, 


E 


E 

j>0 


< 






<^p-m\f\\^rty 
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It follows that 


25 ^ E 

z>m+l 


j>0 


= O = O , 


since r„ = o{n ^); this takes care of the first sum in (jOj. 

For the second sum, the same estimate on the terms gives that 


E E 

i=S+l 


Since S > ^ + 1, we have that E 


E 

i>o 
/3fc — 


= 0{n\nrif)=0{n^-^^^). 

= O , which proves the claim. 


□ 


As in P], to prove Theorem 12.11 we consider the Poissonized problem first, then recover the i.i.d. 
case. 

Let Nn be a Poisson random variable with mean n, and let = {Xi ,..., ^Ar„}, where {Xi}^^ 
is an i.i.d. sequence of random points in with density /. Then T„ is a Poisson process with 
intensity nf{-), and one can define and Xfj for the random points analogously to the earlier 
dehnitions. In what follows, assume that fc > 2; that is, the empty fc-simplices are at least empty 
triangles. Empty 1-simplices are simply pairs of vertices which are not connected, and different 
arguments are needed in that case. 

In order to compute expectations for the expressions which arise in the Poissonized case, the 
following results are useful. 

Theorem 2.3 (See Theorem 1.6 of [3]). Let A > 0 and let Ta be a Poisson proeess with intensity 
A/(-). Let j € N, and suppose that h(y,§) is a bounded measurable function on pairs (y,§) with § 
a finite subset of and y C §, such that /i(y, §) = 0 unless |y | = j. Then 


E 


E 


^E/i(Xj,Xj UTa), 


where Xj is a set of j i.i.d. points in R"^ with density f, independent o/Ta- 

From this, one can prove the following (see [2] for the proof). 

Theorem 2.4. Let A > 0 and k,ji,...,jk G N; define j := z2i=iji- ^or 1 < * < fc, suppose 
/ii(y,§) is a bounded measurable function of pairs (y,S) of finite subsets o/R'^ with y C §, such that 
/ii(y,§) = 0 i/|y| ^ A. Then 


T. ■■■ T. 

VfcCy;, \i=i y 


1 


{yinyj=<D for 


= E 




where Xj. are ji i.i.d points in R"^ with density /, Ta is a Poisson process with intensity A/(-), 
and {Xj.}JL]^ and Ta are all independent. 

One can apply these results to compute the mean and variance of the contribution to 
from components whose left-most vertex is in an open set A with vol(9A) = 0. 

In order to apply the lemmas, the corresponding means in the i.i.d. case are needed. 
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Lemma 2.5. Let ... ,Xi) be the indieator that C{{xi,... ,Xi}) is connected, has kth Betti 

number equal to j, and has left-most-point in A. Then for {Xi} i.i.d. with density f as before, there 
is a constant depending only on i,j,f, and A such that 

lim r~‘^^^~^'>E[gij^AiXi,.. .,Xi)] = Pi,j,A- 


The proof is identical to that of the analagous result in Chapter 3 of Penrose [3] . 
Lemma 2.6. For gij^A o,s in Lemma \2.5\. 


(^) 


lim 



lim n 

n—¥oo 


(fc+2)^—c/(fc+l) 




tt-k+2,l,A 

(fc + 2)! ■ 


(a) 

£n^„-(‘+«r-''<*+«E [Sf] = £n^„-<‘+“)r-''<*+«Var [Sf] = 

(Hi) 


lim 


A;+3<2<m 

j>0 


= lim n"('=+3V-'^('=+2)Var 

n^oo ^ 


/c+3<2<m 

j>0 


(fc + 3)! dl^>^+3,3,A- 

j=l 


Proof. For i > k + 2 and j > 1, let hij^A{{xo, ■ • ■, Xk}, T) be the indicator that {xq, ..., Xi-i} C X 
form a connected component of C(X) with /3fc(C(a;o,... ,Xi-i)) = j, whose left-most point is in A. 
Then with denoting the sub-sum of Pk coming from those components with left-most point in 


HP^a] = E 


k-\-2<i<m 

. j>i 


fe+ 2 < 2 <m 

t>i 


( 10 ) 


Now, E U 1P„)] < E[gij^A{'^i)\, where is the indicator that the i i.i.d. points 

Xi are connected (with respect to cut-off radius r^) with kt\i Betti number of the complex they span 
equal to j (ignoring any issues of connectedness to anything else). By Lemma [2.51 E [o.- , a fX.l] ~ 
rn^^ Pij^A- Note moreover that the conditional probability that X^ is isolated from given that 
Xi is connected and has left-most vertex in A is bounded below by the probability that there are no 
points of Tn in the ball of radius 2{£ij + l)r„ about Xi, where £ij is the largest number of edges 
that may be needed to move from one vertex to another in a simplicial complex on i vertices with 
/cth Betti number equal to j. Since is a Poisson process with intensity nf(-), this probability is 
given exactly by It thus follows that 

E[5.,j.a(X„X,UT„)] > 

.... p-ri||/||ooed(2(^i,i-Sl)r„)‘^ d(i-l) . 


Recall that iov i>k + 2 fixed, j < (k+i)- It thus follows that since nrf, -A 0, 















j>0 


j — 

n V' 


i-1) (fc+i) 




i=i 


„fc +2 d(fe+l) 

U In 


and that in particular, 

~ (fc + 2)! 

A similar approach is taken to compute the variance: 





m 

E 

'{Ka? 

= E 

E E E j/^*.j.A(yA«)/i*'./.A(yAn) 




y C!P.n, 2,2'—A;+2 


+ E 


m m 

E E E A(y , lPn)hi'lPn)l{|yn^i'|=^} 

^=0 y,y'CT„ i,i'=k+2j,j'>0 

y/y' 


For the first term, note that = 0 unless i = i' and j = /, because i is the 

number of vertices of y and j is the kt\i Betti number of the complex it spans. This means the first 
term has in fact already been analyzed: 


E 


m 

'y 'y 'y ^ lf’n)hi'jyyl(yj IPn) 

y C3>„ i,i' = fc+2 j,j'>0 


= E 


E E 

ycy„i=fc+2 j>Q 


^k+2^d(k+l) 

(fc + 2)! 


For the second, observe first that the terms corresponding to i 0 vanish: 

lPn)hi'IPn) = 0 if |y fl y'| = £ > 0, because in that case neither y nor y' is a whole 
component. When i = 0, applying Theorem 12.41 yields 


E 


y.y'ca=„ 


^i+i 


iH'l 


'X.i U Xi' U yn)hi'j',A(Xi>,Xi U Xi' U T„) 


where again X^ and X^/ are independent collections of i and i' i.i.d. points distributed according to 
/, respectively. Making use of (fTOl) thus yields 


Var 



= E 




E E 


jf 


E U X^/ U 0^n)^^^j^A(Xi', Xj U Xj/ U ^n)] 


— E [hij^A{Xi, Xi U T„)] E [hi'j'^A{Xi>,Xir U T„)] 
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Now, let be an independent copy of Then 


E u x^/ U Tra)hi'j'_A(Xi', Xi U J,i' U T„)] 

— E [hij^Ai'^i, Xi U iP„)] E [hi'j',yi(Xi/, Xi/ U iP„)] 


= E 


^ij',A(Xi, Xi U X^/ U j/_yi(Xi/, Xi U Xi' U iP„) 


— hij^Ai'^i, Xi u j/^A(Xi', Xi/ u y'^) 


= E [(/lij-^^(Xi, Xi U Xi' U y n) ~ ^i,j,A(Xi, Xi U y n)) hi' j! U U Tn)] 

+ E [/iij-^^(Xj, Xi U CPn) (hi',j',Ai^i'^ Xi U X^/ U iP„) — hi' ji^ aC^^i': X^/ U Tn))] 
+ E [hij-^^(Xi, Xi U Tn) (hi'jy,4(Xi/, Xi' U Tn) ~ hi' j/^ aC^^i' i Xi' U iP(j)] 

=: ifi + i?2 + -Ea- 


Now, observe that in fact Ei = 0: the difference is non-zero if and only if Xi and Xi' are connected 
by an edge, in which case the second factor is zero. 

Observe that the difference in E 2 is either 0 or — 1 . Furthermore, it is non-zero if and only if Xi 
and Xi' are connected by an edge, and both Xi and Xi' are connected. This probability is bounded 
above by 


Finally, conditional on the event [Ux£XiB 2 eijrr^(x)] O Ux£X^,B 2 e^, ^,r„(x) = 0, the two terms 
of E 3 have the same distribution by the spacial independence property of the Poisson process. A 
contribution from E 3 therefore only arises if in particular Xi and Xi' are both connected and the 
intersection above is non-empty. The probability of this event is bounded above by 


It follows that 

and 


'Pl 


Var 


Ka 


= E 


Ka 


■E, 


EfL ^ _ 1 ) 

\E\< ^ -iCr -2||/||(^*'-ih*+-i<C'(/,d,h)(nr(()'=+2(n'=+M^'=+i^), 




where C{f,k,d) is a constant depending on /, d, and k. This completes the proof of the first 
statement of the lemma. The proof of the second statement is the same, just removing the terms of 
the sum indexed by f > fc + 2, and the third statement is gotten by removing the terms indexed by 
i = k + 2 . □ 


The following was proved via Stein’s method in [2]. 

Theorem 2.7. With notation as above, and for — >• 00 and nr'f, -A 0, 


,fe+ 2 „^(^+l) 


N 0 


k‘k+2,1 
(fc + 2)! 
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This gives a central limit theorem for (3^ as follows. Write 




j>i 


Fix t S R and e > 0. By Lemma [2^ for n large enough, so that for n large enough, 


< t 


„fc +2 d(fe+l) 


< P 


< P 


- Egf 

^k+2d{k+l) 


^fc+ 2 ^d(fe+l) 


n^+2r 

Jir+ry 

t + 6 

+ P 

t + 6 

+ e. 




^k+ 2 ^d{k+l) 


> e 


By applying the central limit theorem already proved for and then letting e —> 0, it follows that 


lim sup P 


< t 


„fc+ 2 ^rf(fc+l) 


< P 


Mfe+ 2,1 7 ^ , 


The other inequality is proved in the same way, giving the following central limit theorem for /3^. 
Theorem 2.8. For notation as above, 


1 


,fc+ 2 „'^(^+l) 


-m 


>1 0 


/ifc+ 2,1 

{k + 2 )\) ■ 


The remaining work is to use this result to obtain the same result for j3k itself. To do so, the 
following “de-Poissonization result” is used. 

Theorem 2.9 (Theorem 2.12 of [3]). Suppose that for each n G N, FIni'X) is a real-valued functional 
on finite sets X C R'^. Suppose that for some > 0, 


(i) —Var(iJ„(T„)) —>• cr^, and 
n 


(a) —=\Hn{yn) — EiL„(lP„)l a^Z, for Z a standard normal random variable. 

Suppose that there are constants a G R and 7 > ^ such that the increments Rq^n = Hni^Cq+i) — 
Hnilq) satisfy 


lim 

n—¥C!0 


n—n'y <q<n+n'^ 


lim 

n—foo 


n—n~f <q<q'<n-\-n'y 


and 


-g,n] ^1^ — 

(11) 

,nRq',n] “ = 0, 

(12) 

min]) = 0. 

^ / 

(13) 


Finally, assume that there is a constant /? > 0 such that, with probability one. 


\Hn{2Cq)\<P{n + qf. 
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Then c? < and as n ^ oo, iVar(iJ„(X„)) — o? and 


v« 

In conjunction with Theorem 12.71 this yields Theorem 12.11 as follows. 
Proof of Theorem \2.1[ Theorem l2.9l is applied to the functional 


7d„(X) := 




tE E ; 


yCX \i=k+2 j>l 


and the central limit theorem holds for HniTn) by Theorem 12.81 
Let 

/ m \ / m 

Dq,n ■= j (^J ^g+l) 1 ~ j ‘Xq) 


yCX<,+i \i=k+2 j>l 


ycx, \i=fe+ 2 j>l 


(the dependence on n is only through the threshhold radius r„), and observe that Dq^n is the fcth 
Betti number of the component of ^q+i in Xg+i, minus the fcth Betti number of the complex that 
results by taking the component of Xq+i and removing Xq+i from it, assuming these components 
are on m or fewer vertices. It follows that the difference is bounded by , and is only non-zero 
if Xq+i is connected to at least fc -|- 1 other vertices, so that 




fc -I- 1 


n + 
k + l 


.d-i (^+ 1 ) 
nj 


< 


m 

k + 1 


((n -I- n 


.d\ (^+ 1 ) 




The first condition of the theorem is then satisfied with a = 0, for any 7 e ( 5 , 1 ]- 

Next, consider the quantity for q < q'. By the observation above, Dq nDq',n is 

uniformly bounded by ■ The probability that Dq^n 7 ^ 0 is bounded above by 

as before. Given that that difference is non-zero, the largest probability event that causes Dqi^n to 
be non-zero is that ^q'+i is connected to the component of ^q+i, and that its removal changes 
the Betti number of that component. The probability that Xq/^i is in the component of Xq^i is 
bounded above cr((, so that 




(nriY 


so that the second condition of the theorem is also satisfied. 
If g = g', then we have as above 


E[i52j<c[n + nl'=+VW), 


< cr 


d 

n'l 


so that 


^mln] < 

Vn 


2^+^c 

y/n 


and so the third condition is satisfied as well. 

Finally, the polynomial boundedness condition of Theorem l2.9l is satisfied trivially, and the proof 
is complete. 

□ 
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